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Analyzing the Galois Groups of
Fifth-Degree and Fourth-Degree
Polynomials

JESSE BERGLUND

t is known that the general equations of fourth-degree or lower are solvable

by formula and general equations of fifth-degree or higher are not. 1o get an

understanding of the differences between these two types of equations, Galois

theory and Field theory will be applied. The Galois groups of freld extensions
will be analyzed, and give the solution to the query “What is the difference between
unsolvable fifth-degree equations and fourth-degree equations?”

Introduction

Babylonian society (2000-600B.C.) was rapidly evolving and required massive
records of supplies and distribution of goods. Computational methods were
also needed for business transactions, agricultural projects, and the making of
wills. It was because of these demands that the Babylonians created the most
advanced mathematics of their time. It is their hard work and dedication that
created the linear formula as a solution to the linear equation.

. . . b
Linear equation: ax+b=0  Linear formula: x =——
a

The ancient Babylonians, classical Greeks, and especially Hindu mathemati-
cians of the seventh century knew how to solve quadratic equations of vari-
ous types. It was not until five hundred years later that a complete solution
comes to fruition. The solution appeared in a book in Europe only during
the twelfth century. The author of the book was the Spanish Jewish math-
ematician Abraham Bar Hiyya Ha-nasi (1070-1136). The book was called
Treatise on Measurement and Calculation. Abraham Bar Hiyya states, “Who
wishes correctly to learn the ways to measure areas and to divide them, must
necessarily thoroughly understand the general theorems of geometry and
arithmetic, on which the teaching of measurement...rests. If he has com-
pletely mastered these ideas he...can never deviate from the truth” (Livio). It
was this arduous train of thought that had taken the quadratic equation and
transformed it into the quadratic formula.

Quadratic equation: ax’ +bx+c=0

—b+b* —4ac

2a

Quadratic formula: x =
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The early Babylonians were able to solve specific cubic equations
using tables. A geometric solution that solved a few more was
invented by the Persian poet-mathematician Omar Khayyam
during the twelfth century. Nevertheless, mathematicians were
unable to break the code for the general cubic equation until
the sixteenth century. In Italy during the 1500s, mathematical
tournaments were a popular pastime. The people involved
kept their methods secret. Niccolo of Brescia (1500-1557),
commonly referred to as Tartagalia (“the stammerer”), owned
the secret to the cubic equation. This gave him a distinct
advantage in the tournaments. Girolamo Cardano (1501-1576)
had discovered that Tartagalia had the secret, and asked him for
the solution. Tartagalia refused to give him the solution for
some time. Eventually Tartagalia reluctantly gave Cardano the
solution, but swore him to secrecy. The solution was published
in Cardano’s work Ars Magna (1545) breaking his word which
started a feud between the two mathematicians. After four
hundred years the solution to the general cubic equation had
come to light. Further contributions from Scipione del Ferro
would lead to the complete cubic formula. The procedure for
the extraction of the cubic solution is quite different than that
of its smaller brethren. Without loss of generality, let 4, of the
general cubic equation

a,x’ +a,x’ +a,x+a, =0
equal one. Now, with the equation
x +ax’+bx+c=0
it is necessary to eliminate the x* term. To do this, substitute

a
X=z——

into the equation. Executing this will yield

z3+pz+q=0

2 3
3b—a (1)and g = 2a” —9ab+27c¢
3 27

(2)

where p =

Next observe that if we substitute
z=u+v and p =-3uv

into the expression, it produces

u3+v3+q=0
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From this point we get

y=—>">"
3u
to obtain
3
3_ P
u — +g=0.
27u’ 1
Multiplying both sides by #’ gives
3
u®+qu’ - P _y,
27

3

which is a quadratic equation for #’. Completing the square

and solving for # generates
2 3
u=3-9+ [T+ P (3).
2 4 27

a
X=Z—§, zZ=u+v andv:—£

3u

Amalgamating

solving for x we obtain

p a
x=u——-—4
3u 3()‘

With equation one, two, three, and four in hand the complete
cubic formula is realized.

Cubic Formula

2 3 2 3
,_bd_2a=9ab+2Tc ”zi/_gi s
3 27 2 V4 7
x=u-L_¢
3u 3

Shortly after the contributions of the cubic formula by Del
Ferro, Tartagalia, and Cardano; Ferrari, who was a student of
Cardano, found the solutions to the general quartic equation.
The quartic is even more complicated than the cubic, requiring
more substitution and algebraic manipulation. Without loss
of generality, let the leading coefficient be equal to one. With
the equation
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X +axP +bx* +cx+d=0

o . a . .
the x* must be eliminated. Lettingx = z —— in the expression
produces 4

HHptqzr=0
_16a’b—3a* —64ac+256d

8b—3a" _ a’—4ab+8c
' 256

s and r
g 1 8

where p =

For the next step add 2 pz* and p* to both sides completing the
square to get

2+ 2pF + pP+ gz + v = pIt o+ P
Factor z* + 2pz* + p* to obtain (&* + p)* + gz + r = pz* + p_.
Add 2y(z* + p) + y* to both sides of
(Z+p)+qz+r=pzt=p
to get

(Z+p)+2(Z +p)g+ ) +qz+7r=pz +p*+ 20(Z + p) +),

which simplifies to

F+p+))=@+2)Z—qz+ (P + 29+ p*— 7).

We must now consider the discriminant

") —4(p+ 207+ 29p + p*— 1)

— an expression which gives information about the polynomials
roots — of the quadratic equation and because it is a perfect
square it is equal to zero. Simplifying this expression gives the
resolvent cubic — a quartic equation that has been algebraically
broken down to a cubic — which is

This is a cubic which can be solved for by using the previous
method. We are left with the quartic formula.

_8h-3d’ q_a3—4ab+8c

b 8 8

e 16a’h—3a* —64ac+256d
256
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h_—p2—12r k_72pr—2p3—27q2
12 216
2q
+/p+2yt || 3p+2yt ——
x=—2y \/ [ P2y
4 2

The formulas involved in all of these general equations were
solved using the four arithmetic operations and the extraction
of roots. Paolo Ruffini (1765-1822) claimed to have proof
that the general quintic equation could not be solved by these
methods. Unfortunately, there was a critical gap in his proof.
Not long after the failed proof by Ruffini, the mathematician
Niels Henrik Abel (1802-1829) worked on the general quintic
and tried to solve it with great vigor, but he could not. Even
after his ineffective attempt to solve the quintic by formula,
this subject did not leave Abel’s relentless mind. After only a
few months of vigorous work, the twenty-one year old Abel
had solved this century old problem. He proved what is now
called, “Abels Impossibility Theorem”. This theorem shows that
it is impossible to solve general polynomials of fifth-degree of
higher, using the four arithmetic operations and the extraction
of roots.

Not long after Abel’s Theorem became known, Evariste Galois
(1811-1832) would create a new branch of algebra known as
Galois Theory. He would make a connection between the
putative solutions and the permutations of these solutions.
Galois was able to find the “key” of an equation — the Galois
group of the equation — and determine from its properties
whether it was solvable by formula or not.

Definitions:
To continue any further we will need some definitions to help
clarify the following statements.

abelian A group, (G,#), is abelian (also known as commutative)
ifand only if a# b = b = a, for all elements a,b € G.

automorphism A one-to-one correspondence mapping
the elements of a set onto itself, so the domain and range of
the function are the same. For example, f(x) = x + 2 is an
automorphism on R but ¢ (x) = cos x is not.

BRIDGEWATER STATE UNIVERSITY



compostion series Given a group G, a sequence of groups
G,...G,is called a composition series for G if

{e} =G, <G, <G, ---G, <G, =G,

where G, has no proper normal subgroup. The groups G,/ G,
are called quotient groups of G, their number 7 is the length of
the series, and the integers |G,/ G, | are the quotient groups’
orders.

Eisenstein irreducibility criterion Let
-
f(x)=ax"+a,_x""+--+ax+a,

where the coefficients are all integers. If there exists a prime
p such that: (i) p divides each of a, a,..., a_; (ii) p does not
divide a; and (iii) p* does not divide 4; then f'is irreducible

over Q.

Galois group The Galois group of a polynomial is the set
of permutations on the solutions of that polynomial. So, to
get a better idea of what a Galois group is, let’s look at how
Galois perceived it. As an example take f(x) =x*—2=0. The

solutions are o = \/5 and [3 _ _\/5 .

The set of permutations on two objects includes the identity
where o and 3 get mapped to themselves denoted by

lra—>o B—P

and where o and 3 get mapped to each other signified by
c:aB Boa

These form the set of all automorphism’s of 2 elements. This

can be called the Galois group §..
general polynomial function An expression of the form
f(¥)=ax"+a, X"+ -+ax+a,

where a,a oA, 4 are rational numbers (a,#0)
and 7 is a nonnegative integer.

e

group A group is a nonempty set G together with a binary
operation # on the elements of G such that:

1) G is closed under .
2) # is associative.

3) G contains an identity element for :.
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4) Each element in G has an inverse in G under = .
Examples of groups:

Addition mod n groups - Z wheren € N

Alternating group - A where n € N

Dihedral group — D, where n € N

Klein four group -V

Symmetric group - S wheren € N

identity A group that only contains the identity element.

identity element An element that is combined with another
element with a particular binary operation that yields that
element. Let (G,# ) be a group and e,a € G. If e a = a the
e is the identity.

homomorphism Let (G,#) and (H,°) be two groups. Let fbe
a function from G to H. f'is a homomorphism (an operation
preserving function) from (G,#) to (H,°) if and only if for every

pair of elements, ¢ p e G, f(a * b) = f(a) o f(b) .

irreducible polynomial The polynomial x* - 5 is irreducible
over Q. The roots of the polynomial are /5 and_ /5.

These values are not within the field Q. Therefore, the
polynomial cannot be reduced to a factored form with values

from the field Q, but can be with the field Q(\/g) .

isomorphic Two groups are said to be isomorphic (meaning
they have the same structure and properties) if and only if there
exists a 1-1, onto, homomorphism.

normal subgroup A subgroup H is normal in a group (G,%)
if and only if
Vge G, g*xH=H=x*g

denoted H <« G..

permutation A permutation is an arrangement or
rearrangement of 7z objects. The number of permutations of 7
objects is 7!,

quotient group If H < Gthen G | His the set of distinct cosets
xH, where x,3,... range over G and we define an operation = as

follows: (xH) = (yH) = (xyH). With this operation, G | H is a
group called the factor or quotient group of G by H.
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. . . a
rational number A number that can be written in the form =,
where 2 and 4 are integers, with p # 0. b

Rational Zeros Theorem Let f'be a polynomial function of
degree 1 or higher of the form

f(x)=ax"+a, x""+---+ax+a,, a, #0,a, %0

P

where each coefficient is an integer. If  , in lowest terms,
is a rational zero of £, then p must be a factor of #, and g must
be a factor of 2.

reducible polynomial The polynomial x* -4 is reducible over
Q. The roots of the polynomial are 2 and -2. These values are
within the field Q. Therefore, the polynomial can be reduced
to a factored form with the values from the field Q.

Rolle’s Theorem Let f'be continuous on the closed interval
[,6] and differentiable on the open interval (2,6). If fa) = (b)

then there is at least one number ¢ in (2,6) such that /'’ (c) = 0.

splitting field If K is a subfield of C and fis a polynomial
over K, then f'splits over K'if it can be expressed as a product
of linear factors

f(t)=k(x=0y)--(x—0t,)
where k,0.,,...,0,, € K.

subgroup Let (G,#) be a group. If H is a subgroup of G then
H < G and H is a group under .

symbols

C - the complex numbers {a+bi|a,b € R}

N - the natural numbers {1,2,3,...}

Q - the rational numbers {g|a’b € Zand b # O}
b

A- the discriminant

symmetric group For any set X, a permutation of Xis a one-to-
one onto mapping from X to X. If X has 7 elements there are 7!
permutations of x and the set of all these, with composition of
mappings as the operation, forms a group called the symmetric
group of degree 7, denoted by S .

trivial group A group that only contains the identity
element.
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What to do?

To find out what the difference is between fifth-degree and
fourth-degree polynomials, there is some work to do. First,
collect all the possible Galois groups of linear polynomials up
to and including quartic polynomials. Next, find a quintic
which is unsolvable by radicals and calculate its Galois group.
Analyze both sets of groups using Group theory and compare
their results.

Case 1:

Polynomials in Q with all solutions in
Q have the Galois group S,.

Let’s look at fix) = x - 1 and flx) = ¥* + 3x + 2. Both have
coefficients and solutions that lie in Q . When these conditions
are met the only possible permutation on the rational numbers
is the identity. Therefore, the Galois group for these types of
polynomials is the trivial group §,.

Case 2:

A quadratic polynomial that is irreducible in
Q, has the Galois group S,.

As an example, take the polynomial equation f{x) = x, + 1 = 0.
This is irreducible in the rationals, and is of degree two. Since
the splitting field is Q(z), there are two Q-automorphisms
defined by

l: i1 —i>—i
C:ib>—- —ib>1

Notice that if the roots are irrational, we have the same Galois
group. Lets examine flx) = x* — 3. This is also irreducible
in the rationals, and is of degree two. The splitting field is
Q(\/g ), therefore, it has two Q -automorphisms denoted by

1 V343 -3 -3
6: 33 V343

For that reason, the Galois group for both of these polynomials
is §,.

Case 3:

A cubic polynomial that is irreducible in
Q, has the Galois group S, or A,

BRIDGEWATER STATE UNIVERSITY



Proposition: Lez
f(x)=x*—ax’ +bx—c e Q(x)

be irreducible over Q. Then its Galois group Is A, if the

discriminant of;
fA=a’b*+18abc—27¢* —4a’c — 4b°
is a perfect square in Q, and is S, otherwise.

Let’s take into account flx) = x* —2. This is irreducible by
Eisenstein’s Criterion and has the discriminant A= —108, which
is not a square. Hence, its Galois group is S, Another example
is flx) = x* — 3x — 1. This is irreducible by the Rational Zeros
Theory and its discriminant is A= —81, which is a square.
Consequently, its Galois group is A,.

Case 4:
A quartic polynomial that is irreducible in Q, has the Galois

group S, A, D, V, or Z,. This chart will help to attain the
group of a particular quartic.

A off in Q@ Resolvent cubic in Q[x] Galois Group

#0O + irreducible - S,
=0 + irreducible — A,
#0 + reducible — D, orZ,
=0 + reducible - Vv

To achieve these values, the discriminant of fis used along with
the resolvent cubic of £ With this machinery, the groups of
these quartics are realized. Consider the examples where A of

f(x)= xt+ex+dis A=-27¢* +256d°
and the cubic resolvent of £ is

R,(x)=x"—4dx—c*,

f(x) Aof f Resolvent cubic of f  Galois group
x*+2x+2  101-47 x'—8x—4 S,
x'+8x+12 5767 x’ —48x—64 A,
4343 20157 (x+3)(x7-3x-3) D, or Z,

x*+36x+63  4320° (x=18)(x+6)(x+12) 1%
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As a result, there are only five Galois groups that occur for any
irreducible quartic.

Case 5:

Let p be a prime, and let | be an irreducible polynomial of degree
p over Q. Suppose that f has precisely two nonreal zeros in C.
Then the Galois group of fover Q is isomorphic to the symmetric

group Sp.

Take the example fx) = x° — 4x + 2. By Eisensteins Criterion f
is irreducible over the rationals. By Rolles Theorem the zeros of
fare separated by the zeros of the derivative of £ Since 5x* —4
has zeros at +, /4 / 5, fhas three real zeros each with multiplicity
one, and as a consequence has two complex zeros. Also, f has
degree five. Thus, the Galois group is isomorphic to S..

From the linear to the quartic

Now, let’s take a look at the first four cases. In each case for the
Galois groups that occur, there is a series of normal subgroups
whose quotient groups are abelian.

Case 1:
1
I1<1 and 1/1=1
Case 2:
SZ
1<S,and S, /1=S,
Case 3:
S, or A,
1<A;<8S,,S,/A,=Z,, and A, /1= A,
Case 4:
S, A,,D,,V,orZz,
1<«V<A,<S,S8,/1A,=2,,A,/V=2Z,,andV /1=V
l<«<VaD,orl<Z,<D,,andD,/Z,=D,/V =2,

The unsolvable quintic

Looking at the Galois group for the unsolvable quintic, there is
a discrepancy when compared to the properties of the previous
cases. All polynomials of fourth-degree or below have a series of
normal subgroups in which their quotient groups are abelian.
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Case 5:
Ss
1<A;<Ss, S5/A=2,
but A, /1= A, which is
not abelian

The unsolvable quintic does not have a series of normal
subgroups in which all the quotient groups are abelian. This
demonstrates the difference between an unsolvable quintic and
equations of fourth-degree or lower. Therefore, a polynomial is

solvable by radicals if it has a Galois group with a composition
series containing quotient groups that are abelian.
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