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Dr. Edward Deveney. George ruminated
to help the reader formulate, and accept,
why quantum mechanics, though weird, is
valid.

The E.PR. Paradox

GEORGE LEVESQUE

his paper intends to discuss the E.P.R. paradox and its implications

for quantum mechanics. In order to do so, this paper will discuss the

features of intrinsic spin of a particle, the Stern-Gerlach experiment,

the E.P.R. paradox itself and the views it portrays. In addition, we will
consider where such a classical picture succeeds and, eventually, as we will see
in Bell's inequality, fails in the strange world we live in — the world of quantum
mechanics.

Intrinsic Spin

Intrinsic spin angular momentum is odd to describe by any normal terms. It is
unlike, and often entirely unrelated to, the classical “orbital angular momentum.
But luckily we can describe the intrinsic spin by its relationship to the magnetic
moment of the particle being considered. The magnetic moment can be given

by:

ﬁ im‘z_qu_ q 7
c 2¢  2mc

This brief derivation can be seen to apply where mass and charge coincide in
space. More generally, we tend to consider:

_ 84
2mc

where g is an experimentally determined number (depending on the particle
used like g = 2.00 for an electron). This is essentially useful background for when
we put our particle into a Stern-Gerlach device.
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Stern-Gerlach Experiments
Stern-Gerlach devices utilize the magnetic moment of a particle
by placing it in a non-uniform magnetic field as depicted here:

While F' = V(u ~ D j1or a neutral atom entering the device,
since — (y . B) is the energy of a magnetic dipole placed in a
magnetic field), the magnetic field is largely in one direction
(here we can call it the z-direction). So,

. 0B 0B,
F.=po—s=u —

i dz T ooz
Normally, a statement like this may not raise too many eyebrows
but there is quantum weirdness here as well. Classically, the
magnetic moment will take on a continuum of values (from
u, = |y| cosf where theta is the azimuthal angle). But in our
experiment it takes on the values of only

h

S, =%—

: 2
Our assumption may be that the particles are oriented in this
way from the start but the experimenters shot the particles from
an oven (as to acquire a random and expectedly continuous
distribution of magnetic moments) as below:

-7 —
owen = _ _ - _
~Z
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Detector
N
colimator
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So there is little doubt that a non-continuous distribution is
unexpected. The result is something that is famously known as
“space quantization” and was indeed a “big deal” at the time of its
discovery. As a result, there was much focus on this experiment
and its implications for science. There were adaptations of this
experiment to get a deeper understanding of nature. One of these
is diagramed below:
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Note how this experiment reveals that we can send all particles
through a Z-axis oriented device and get a 50% / 50% distribution
and then remove one state completely from the system (with
a blocker), and send it through an X-axis oriented SG (Stern-
Gerlach) device and get 50/50 again. Most amazingly we can take
half of these away and put the remaining ones through another
SGZ and wind up with a 50/50 distribution all over again.

In other words, not only do we get some sort of binary nature out
of what was thought to be a random orientation of particles, but
making another measurement on the particles (in this case with
an SGX) destroys the information that preceded it so that we can
wind up with a 50/50 distribution all over again.

It is the result of these experiments that leads to many
important quantum mechanical ideas. First off, the notion that
particles do not exist in either one state or another but exist in
a “superposition” of states (or “both states simultaneously”).
This is evident in the notation of quantum. (For example,

L \ shows us that the orientation of

1
’(p>= ﬁ’+z>+$|—z/

a particle can be seen as some probability (when squared just
like the psi — or wave — function) of both states being existent
simultaneously.) Also, it is the idea of quantum mechanics that the
particle exists in this superposition until a measurement is made.
Without, or after, an interaction it returns to this superposition.
This type of experimental result led to the questioning of and
investigation about the world on the quantum mechanical level.
During this time there was much questioning and discontent. It
is out of this discontent for experimental results that we get the
E.PR. paradox.

The E.P.R. Paradox

In order to cast a shade of doubt on the quantum mechanical
world, three scientists (A. Einsten, B. Podolsky, and N. Rosen)
proposed a thought experiment that raised a reasonable doubt
about the beliefs of quantum mechanics. You see, it brought great



discontent to the “realists” that were Einstein, Podolsky, and Rosen
and the idea that the measurement created the particle to exist in
some state was appalling. In their view, it was quite apparent
that the particle existed in this state before the measurement and
that the measurement was only the future observation of this
state. (There is one notable quotation from Einstein to another
scientist, A. Pais when they were out on a walk talking on this
subject and Einstein asked whether he believed the moon was
there when he wasn’t looking).

So our three scientists devised an experiment that can be
diagramed as below:

v Soures of Particles 36 devive
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Here we have a set of particles, emitted two at a time, from
some common origin such that their combined orbital angular
momentum is zero. Here it is seen that, if the SG devices are
oriented similarly, if one device measures a particle in the +z state
then the other will have to note a —z state (in order to conserve
angular momentum).

But Einstein, Podolsky, and Rosen propose that we assume these
SG devices have different settings (or directions of orientation).
This way we could consider a hidden-variable theory of quantum
mechanics. More explicitly, if we were handed particles in the
state |+x>, there would be half which (when measured in a SGz)
would be in the |+z> state and half in the |-z> state. Further, if we
were handed these |+x> particles (prior to measurement), while
they would have the attribute to be either |+z> or |-z>, we would
be unable to distinguish them unless we measured them.

But the biggest implication of the E.PR. experimental design
is the following “paradox:” if quantum mechanics is right (and
one particles measurement would force it to be in one state and,
thus, slam its pair particle to be in the other to conserve angular
momentum before it is measured), then two vastly far SG devices
in our experimental design would force some sort of faster-than-
the-speed-of-light communication between them - an awkward
and ugly conclusion that would drive some to question the beliefs
of quantum mechanics.

Moving Toward Bell’s Inequality

For a single SG device, the realists would say that 50% of the
particles exist in one state (like {+z}) and 50% in the other (like
{-z}). The followers of quantum mechanics would say:

1
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So, the probability is ’<+ z | (P> = E for this state.

And

(-2l#) = (-l 2) (-2 2) = 2) -0 - -
V2 2 N >

2

So, the probability is K‘ z I (P> for this state.

1
2
Since there is no contradiction, we continue to advance our
experimental method, in search of some sort of contradiction to
test. For the two particle SG device, the realist would say that
half of the particles are in the {+z, -z} state and half are in the {-
z,+z} state (where this notation is the states of particles 1 and 2
respectively). The followers of quantum mechanics would say:

If z,+z>

0,0> = %|+ z,—z) - %|—

(or a state of conservative angular momentum) then

1 1 1
=v—2<+z‘+ z><—z|—z>—v—/-<+z‘+z><—z|—z)=\/—E(l)—0=ﬁ

0,0>|2 = — for this state.

N | —

So, the probability is K"' zZ,-z

And then,

(— z,+:|0,0> = L(— Z,+z|+ z,—:) - L(— Z,+zZ

7 72
(-z
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So, the probability is ‘<— Z+Z ‘ 0,O>|2 = % for this state.
Now let us kick up the level of difficulty another notch. Let us
say that we maintain a two particle device but now we can set our
SG devices in either the z-axis (an SGz device) or the x axis (SGx
device). Now since we have two states the local realist would say
that every particle emitted would have a two-part instruction set
(one in case it reaches an SGx and one for an SGz). The realist
might say there exists

Population Particle 1 Particle 2
1 {+x, +z} {-x, -z}
2 {+x, -z} {-x, +z}
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3 {-x, +z}
4 {-x, -z}

{+x, -z}
{+x, +z}

Here these populations occur equally so, for populations 1 and
4 measurements in either x or z, for either device, will always
yield particles oriented in opposing states. For populations 2 and
3, randomly oriented devices will yield spin down and spin up
measurements only half the time. The other half 2 and 3 will
yield similarly oriented particles (spin up or spin down but along
different axis). So in total, if measurements are taken in different
axis, there will be opposite signs 2/4*1=50% of the time.

Now the follower of quantum mechanics would say,
knowing

1
\0’0>=$

and also that

|+ z,—z z,+z>

I
>—f|‘

o . 0O
‘+n>= COSE|+ Z>+€'¢ Sin E‘—Z;
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— l for this state.

So, the probability is K.,_ z,+x|0,0>’2
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So, the probability is K , >|2 = l for this state.

4
1 1
(— z‘+x|| 0,0) = VTZ(_ :‘+.\"+ :,—:) - «,T2<_ z +x|— z +z) =
1 1 1 .6 1 1 1
-"E(—:+:>(+x—:)—“E(—:—:}(w—:>-0-.'/5(1)5|nz-—4‘5“5-—2
So, the probability is K Z,+X 0,0>‘ = — for this state
<-k-x|!0,0>=é(-:-\'+:-k)—#/\-:—r|-:+_\=
I N2 N2 : !
_l .. A S VR S »9_ ll‘ -1
_v’2<—‘+‘)(—r|—_) 2( zj-z)(-x|-z)=0 ,(1)(.052- 52

1
So, the probability is K— R >| = 1 for this state.

Opposite signs in opposite axis still amount to % + % = % of the

time.
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All right, let us kick it up just one more notch of difficulty.
Consider the two particle SG experiment with different settings
but this time make it three separate (coplanar) orientations.
(Note: none of these may be the x or z axis so we will give them
general vector labels of a, b, and c.)

Well, let us see what our local realist has to say.

Population Particle 1 Particle 2
N1 {+a, +b, +c} {-a -c}
N2 {+a, +b, -¢} {-a, b +c}
N3 {+a, -b, +c} {-a, +b, -¢}
N4 {+a, -b, -¢} {-a, +b +c}
N5 {-a, +b, +c} {+a, -b, -¢}
N6 {-a, +b, -¢} {+a, b +c}
N7 {-a, -b, +c} {+a, +b, -c}
N8 {-a, -b, -c} {+a, +b +c}

Consider all of the possible state “bra’s” of the two states measured
by A and B respectively (representative of states to be projected

onto another state in usual ket form):

<+a, +a| <+b, +a| <+c, +a]
<+a, -a| <+b, -a| <+¢, -3
<-a, +a| <-b, +a] <-c, +a|
<-a, -a| <-b, -a| <-c, -a
<+a, +b| <+b, +b|<+c, +b|
<+a, -b| <+b, -b| <+c, -b|
<-a, +b| <-b, +b| <-c, +b|
<-a, -b| <-b, -b| <-¢, -b|
<+a, +¢| <+b, +c| <+c, +¢|
<+a, | <+b, -c| <+c, |
<-a, +c| <-b, +c|<-c, +c|
<-a, | <-b, | <-¢, |

Now consider those just in different orientations and that also
have opposite signs:

X X X
X <+b, -a| <+¢, -a|
X <-b, +a| <-c, +4|
X X X
X X X
<+a, -b| X <+c, -b|
<-a, +b| X <-c, +b|
X X X
X X X
<+a, | <+b, -c| X
<-a, +¢| <-b, +c| X
X X X

Looking at the remaining states here, we could say (without much
thought) that these occur a third of the time for populations N2
through N7. We also could see that if we measure opposite
orientations each time that populations N1 and N8 will always



yield one of the kets above. So we can say that these states occur at least a third of the time (as illustrated by just N2 through N7) and
if all of the populations occur the same amount then these states happen 1/3*(3/4) +1*(1/4) = % of the time.

Now let us move to the follower of quantum mechanics.

Let us use ’0,0> |+ a, _.g a, +a\ and also that

\/_|_

|+n) = cos—|+z)+e"”sin E‘_ z) applies generally.

Now let u
/+a—h'00\=—1 /-ra—b'-ra—a\——] /-ra—b'—afa\=—l /+a'+a\/—:’7'—a\——] (+a|-aX-bl+a)
\THTUYYY V/E\ | / V/E\ | / ~V/§\ [TUNTYTYY ~V/§\ [TUANT YT

where <— b|—a> =

So, the probability ‘<+ a’_b|0’0>‘2 _ %COSZ %. Now

1 1 1
E<—a,+b|—a,+a> = —(—a|+a>(+b|—a>—f<—a|-a><+b|+a)

(-a.+b[0.0)= % (-a+b|+a-a)-

N

L (+b|+a)

N

where (+ b|+ a) = cose%

1 7]
So, the probability is ’<— a,+b|0,0>’2 - 50052 %b'
Now,
(+a,—c|0,0)=L2(+a,—c|+a,—a)—%(+a,—c|—a,+a)=%(+a|+a><_c|_a>_%<+a|_a><_c|+a>

- f(-d-a

5=

ac

where (— cl— a) = COS 5 So, the probability is ’<+ a,

21 0
>| = _COS2 _ac. Now,
2 2

(—a,+c|0,0> =%(—a,+c|+a.—a>—i<—a.+c|—a,+a>=L(—a|+a><+c|—a>——<—a|—a>(+ c|+a)

V2 V2 V2

1
=—E<+c|+a>

where <+ c | + a> = cose—;c. So, the probability is K_

2 1 20w
)’ = cos’ =

Now for something slightly different. Here we will consider a different basis vector of the form

00 +c, C C+C for simplicit
’ \/—’ / puctty.
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Now let us calculate,

1
5
1
- (-bl-¢)

b9

L (Cbsre|-cvc) = ——(=b|+ )Xt |- €) = —— (= b| - c)(+ c|+ )

NG 2 NA

(=b,+¢|0,0) = —=(=b,+c|+c,—c) -

-

2

0,0)

0 1 0
where (— b|— C> = COS%. So, the probability is K— b,+c = ECOS : f. Similarly,

(+b,—| +c,—c>—i(+ b—c|—c,+c) =L<+ b|+c)(—c|-c) —L(+ b|—c)(—c|+c)

(+b,—c|0,0) = 5 5 75

Sl-

= (el
where <+ b|+ c> = Ccos Bbc. So, the probability is ‘<+ b—clo O> P lcosz O
2 SRR 2 2
While we calculated all the probabilities,
|<— b,+c 0,0> 2, <+ b,—c 0,0> 2, (— a+c 0,0) 2, <+ a,—c 0,0> 2, <+ a,—b 0,0) 2,and|<— a,+b|0,0> ’

we did not compute the probabilities for their reverse states

|<+ c,—b | 0,0)‘2 , K— c,+b | 0,0>|2 , |<+ c,—a ’ s |<— c,+a | 0,0>|2 s |<— b,+a | O,O>|2 ,and‘<+ b,-a ‘ 0,0>‘:»

0,0)

respectively. It should be noted that the calculations are nearly exactly the same but with a slightly different order. A physicist should
note that calculating the probability of particle 1 to be in the |+a> state and particle 2 to be in the |-b> state is nearly identical to
calculating the probability of having particle 1 in the |-b> state and particle 2 in the |+a> state. (Or, more simply, deciding which
particle is named “particle 1” or “2” is arbitrary.)

Now, with all of these probabilities in the form of some function of theta we must choose some orientation of the vectors a, b, and c.
Let us choose the one below:
i

theta ab theta ac

b theta be

N
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Here all of the angles depicted are 120 degrees. This

makes some exemplary calculations simple as all of

the probabilities, which are of the form lcos2 Q, yield %.
2 2

As a result, the occurrence of any different setting SG’s yielding
opposing values is %.

But notice . . . this probability is distinctly different from the one
from the realist perspective (of “at least one third”). This grounds
of difference becomes the playing grounds for experimentation.
In the end the real world results will determine which theory
is correct. But first let us generalize our quantum mechanical
calculations into an inequality that tests infinitely many
orientations of a, b, and c. We call this Bell’s inequality.

Bell’s Inequality

Recalling our prior realist’s populations N1 through N8, we can
create many inequalities. A prime example may be
N3+N4<(N2+N4)+(N3+N7)

(as two additional populations will certainly yield amounts greater
than the previous unless the occurrence of these additional

populations is nonexistent — then there is no effect).

We can also look at which populations will create particle one

and two N3+ N4 _ P(+a,+b); like
S
N2+ N4 = P(+a;+c)
2N
N3+ N7 = P(+c;+b)

N

(or in other words the probability of particle 1 and 2 to end up
in specific states is equivalent to the sum of the populations that
they occur in divided by the total number of populations).

Simply, this leads us down the garden path to the following
substitution,

P(+a;+b) < P(+a;+c) + P(+c;+b)

These probabilities invite us to take advantage of our knowledge of quantum mechanics for another substitution. So, once again we

say let us use

0,0 a, +a\ and also that

05 f"

|+n) = cos5| +z)+e”sin E‘ — z) applies generally.

’+a a

Now let us compute:

<+ a,+b|0,0> =

(+0]-a)

where <+ b|— a) -

1
‘\/E > > 2

5l

Also, let’s compute P(+a;+c):

>:L<+a +c|+a,-a) i<+a +c|-a,+a)

<,,2,,_ﬁ,,:2
(+c[-a)

1

-

where <+ c | - > = sin —<=. So, the probability P(+a;+c) is K

<+ a +b|+ a —a> - L<+ a,+b|— a,+a>

the probability P(+a;+b) is ’<+ a,—blo,o>‘2 =

—(+a|+a)(+c|-

1 1 \
=ﬁ<+a|+a><+b|—a>—$<+a|—a><+ b|+a,

c 2
Sin

N | —

~ L yal-a)(+c[+a)

a>\/5
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Finally we will compute P(+¢;+b). Once again, we will consider
a different basis vector of the form

‘O 0 5 ’+ c, (, ’_ c +(,\ for simplicity.
(+y,+h U,l)} - V% <+L',+b +L:—L'>— ‘:3 {4» L:+h|—u+v} - \JIE l\'+r|+yv‘,u,'.+h|—c;\— ‘,’IE (+c| —L‘;\[:+h|+v}
1
5 (+b]-¢)
\/2

Where <+ b|— C> =

2 0,

So, the probability P(+c;+b) is I( ) >| =%sin‘ =

Now with these functions of probability we can substitute into

P(+a;+b) = P(+a;+c) + P(+c;+b)to get

2 Hc‘b

. 2 .
sin” ° < +sin

It is this inequality that is recognized as Bell’s inequality as it is
accredited to John S. Bell in 1964. Notice what this derivation
implies. Since we started with an initial assumption (made by
the realist and how his/her proposed populations with defined
attributes should be related to one another), then any violations of
this inequality could be attributed to our initial assumption — that
of the realists “hidden-variable theory” of quantum mechanics
that created the populations. (Please note that the inequality is
now dependent on the angles that are between our three arbitrary
vectors. This is valuable since it is testable.)

If we were to wonder at which angles Bell’sinequality is violated, we
could easily quench our prying curiosity with a simple computer
program to step through all possible angles that any three vectors
can take with respect to one another. (Please see the attached
computer program for an example). The results might be more
continuous than one would think (once again see attached).

Experimental Results

But so far as this discussion goes, no proof of whether the realist
or the avid determinist is right has been given. Indeed, we did go
through some effort just to come up with a disagreement between
the two theories. In order to see who is right and who is wrong
we turn to experiment. So here we merely do the experiment
as we have already outlined (two Stern-Gerlach devices with
random orientations and particles from some common origin to
conserve momentum).

Enter Aspect et. al. who conclude that there are certainly
correlations that violate Bell’s inequality from two standard
deviations (99% confidence level) and even all the way up to nine
standard deviations (nearly 100% confidence level). In the end
it is quantum mechanics that comes out on top and regarded as
correct with empirical support.

Implications

So, what does it all mean? Well, quite plainly the realists (even
with the notable Einstein himself) were wrong. But more even
more disgustingly awkward it what this implies. This means that
the particle before it is measured really does exist in some sort
of superposition of states and afterward chooses a state that we
can predict (somehow) using accurate probabilistic methods. (In
a different light, this means that particles do not carry around
some sort of instruction set or obey the proposed hidden-variable
theory of quantum mechanics).

Also, this implies that the particles really do have some way to
communicate to each other in order to preserve the conservative
laws of momentum for us (the observers). These particles can
“communicate” with one another at rates that are faster than the
speed of light. So in the end, the E.P.R. paradox is no longer seen
as a questionable doubt but an actual fact — both a quality and
quandary of our quantum mechanical world.

Resources

A. Aspect, P. Grangier, and G. Roger, Phys. Rev. Lett. 49, 91 (1982).

J.S. Townsend, A Modern Approach to Quantum Mechanics, 137 (2000).

THE UNDERGRADUATE REVIEW



	The E.P.R. Paradox
	Recommended Citation

	The E.P.R. Paradox, The Undergraduate Review - Vol. 3, 2006-2007

